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RESUME. Nous revisitons les premiers travaux de Minkowski et Som- 
merfeld concernant le mouvement hyperbolique, et nous decrivons cer¬ 
tains aspects geometriques de I’interaction electrodynamique. Nous 
discutons les avantages d’une formulation symetrique en temps dans 
laquelle les points materiels sont remplaces par des elements de 
longueur infinitesimale. 

ABSTRACT. We revisit the early work of Minkowski and Sommerfeld 
concerning hyperbolic motion, and we describe some geometrical aspects 
of the electrodynamic interaction. We discuss the advantages of a time 
symmetric formulation in which the material points are replaced by 
infinitesimal length elements. 


1 A Review of Minkowski’s Work 

The description of an electric charge in hyperbolic motion is at the center 
of Minkowski’s geometrical formulation of electrodynamics. In ’’Space 
and Time” [1], his last contribution to special relativity before his pre¬ 
mature death, Minkowski gives a brief geometrical recipe for calculating 
the four-force with which an electric charge acts upon another electric 
charge. We can get a better appreciation of Minkowski’s revolutionary 
work by exploring his geometrical recipe, by assembling the derivation 
details that Minkowski did not have a chance to publish. 

The first step in Minkowski’s procedure is to approximate the motion 
of the source charge with hyperbolic motion. This is done with the help 
of three infinitesimally close points on the worldline of the source particle. 
This hyperbola of curvature, tangent to the worldline, is determined by 
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the four-velocity and the four-acceleration of the particle at the given 
spacetime point P. The hyperbola lies in the plane defined by these two 
four-vectors. The four-acceleration, which is perpendicular to the four- 
velocity, lies on a line that goes through the center of the hyperbola M. 
Minkowski mentions that the length p of the segment MP determines 
the magnitude of the four-acceleration, according to the formula (? jp. 



Figure 1: Minkowski’s original diagrams from ’’Space and Time”. 

The second step in Minkowski’s procedure is to complete the space- 
time diagram with the inclusion of the test charge. From the worldpoint 
P, where the source particle is, we draw into the future a lightcone that 
intersects the worldline of the test particle at point Pi. Minkowski uses 
a reference frame which is instantaneously at rest with the source par¬ 
ticle at P. In this co-moving reference frame the time axis Pt has the 
direction of the four-velocity, which is tangent to the worldline. The dis¬ 
tance r between the test charge and the source charge, at the retarded 
position, is the length of a segment PiQ perpendicular to the time axis 
Pt. In the co-moving reference frame the four-potential, being parallel 
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to the four-velocity of the source particle, has an especially simple ex¬ 
pression. Minkowski mentions that the four-potential at worldpoint Pi 
has the direction of PQ and the magnitude of e/r (in Gaussian units), 
where e is the electric charge of the source. 

The third step in Minkowski’s procedure is to establish the spatial 
axes of the co-moving reference frame. The origin of the reference system 
is at P, the retarded position of the source charge. The x axis is parallel 
to the radial segment QPi, previously determined. The y axis is chosen 
in such a way to make sure that the hyperbola of curvature (the plane 
(MPQ)) and the field point Pi are included in the three dimensional 
subspace spanned by the Px, Py, and Pt axes. The y axis is parallel to 
the segment MN, which is drawn from M, the center of the hyperbola, 
perpendicular to the Px axis. It turns out that the segment MN is 
not only perpendicular to the Px axis, but also perpendicular to the 
Pt axis, which makes it eligible to indicate the direction of the y axis. 
(The proof that MN T PQ goes like this: PQ ± MP because the four- 
velocity is perpendicular to the four-acceleration. PQ ± NP because 
PQ J- PiQ and NP || PiQ. As a result PQ T (MPN), which means 
that PQ T MN.) The z axis is automatically determined from its 
orthogonality to the x, y, and t axes. 

In the final step Minkowski writes down an expression for the four- 
force with which the particle at P (with electric charge e), acts upon the 
particle at Pi (with electric charge Ci). The electrodynamic four-force 
(in Gaussian units) is: 


F =-eei(ti - — )K, (1) 

c 

where the dots represent derivation with respect to the proper time. The 
components of the four-vector K satisfy the relations: 

cK,-K, = ^, Ky = ^^, K^ = 0, ( 2 ) 

while, at the same time, the four-vector K is orthogonal to the four- 
velocity of the test particle at Pi. We also notice that in Minkowski 
space u = ict and Ku = icKt- 

It turns out that, in order to fully understand the geometrical recipe 
of Minkowski, one first has to derive an expression of the electromagnetic 
field produced by the source charge. This is a step that Minkowski has 
probably intentionally left out. 
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Born [2] is the first one to publish a calculation of the electromagnetic 
field produced by an electric charge distribution in hyperbolic motion. 
He uses these results in his discussion of the stability of the rigid electron. 
Sommerfeld [3] soon realizes that, for all practical purposes, an electron 
acts just like a point particle, and gives a detailed derivation of the 
electromagnetic field produced by a point charge in hyperbolic motion. 
Laue [4] reproduces Sommerfeld’s derivation in his book, giving even 
more mathematical details. Unfortunately, Laue fails to follow up with 
a similar calculation of the electrodynamic four-force. One decade later 
the derivation of the electromagnetic field of a point charge in hyperbolic 
motion briefly resurfaces in Pauli’s [5] book. 

With the exception of Sommerfeld |3], who mentions that his own 
calculation of the electrodynamic four-force is in agreement with the ge¬ 
ometric rule given by Minkowski, the early special relativity authors have 
completely ignored Minkowski’s geometrical description of the interac¬ 
tion between two electrically charged particles. As an example, even 
Pauli [5] fails to mention that his algebraic derivation of the electrody¬ 
namic four-force reproduces Minkowski’s expression in all the details. 
This important validation of Minkowski’s geometrical approach did not 
escape Walter [6], who mentions it, still without proof, in footnote (111) 
of a recent essay. We want to bring to light all the derivation details 
behind the results of Minkowski, Sommerfeld, and Pauli, and to present 
the early history of hyperbolic motion in a comprehensive and fully ac¬ 
cessible manner. 

2 A Review of Sommerfeld’s Work 

A point in Minkowski space is described by a position four-vector X = 
{x,y, z,ict). Consider a particle in hyperbolic motion, moving along 
the X axis, as shown in figure [2l The center of the hyperbola O is 
taken as the origin of the reference frame. If the length of the segment 
OQ is a, and if the angle between this segment and the Ox axis is 
then a point Q on the worldline of the particle will have coordinates 
Xq = (acos(^/>), 0,0, asin('0)). The arc length s on the hyperbola is 
given hy s = a ijj. The infinitesimal arc length is related to the proper 
time of the particle hy ds = i c dr. The particle at Q will have a 
four-velocity Vq = (—zcsin('0),0,0,*ccos(^)) and a four-acceleration 
Aq = cos('!/'), 0,0, ^ sin('0)). The magnitudes of these four-vectors 

are |Xq| = a, |Vq| = ic, |Aq| = The reference frame in which the 
particle at Q is instantaneously at rest (the four-velocity is parallel to 
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the time axis) comes from a rotation of the original axes by an angle 'tp: 
( sin(V')\ /4cos(^)\ ^ 

\ k ) cos(V’)y \^sin(V')/ voy 

In the co-moving reference frame the acceleration experienced by the 

2 

particle is always equal to This is the acceleration presented by 
Minkowski in the first step of his procedure given in ’’Space and Time”. 
This acceleration, constant in the proper reference frame, provides an 
alternative and equivalent way of defining hyperbolic motion. 



Figure 2: The source particle at Q exerts a force on the test particle at P. 
Point S is the projection of point P onto the plane of the hyperbola, and 
PS -L QS. We notice that PS"^ = y'^+z'^, QS"^ = a^+p^ — 2apcos{'ip — (p), 
and QP 2 ^ pg 2 p Qg 2 ^ 0. 


We want to determine the electrodynamic four-force due to an electric 
charge e in hyperbolic motion, acting on an electric charge Ci. The 
source particle is at point Q, while the test particle is at point P with 
coordinates Xp = {p cos(ip), y, z, psin{ip)). Because worldpoints P and 
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Q are connected by a light signal, the four-vector X = Xp—X q, from the 
source charge to the test charge, must have a magnitude of zero. (While 
Pauli works with a four-vector X as dehned here, Sommerfeld works with 
a four-vector R = Xq — Xp. To compare formulas one has to replace R 
with —X.) Since X = {pcos(ip) — a cos{ip), y, z, psm{(p) —asin(ip)), the 
condition X ■ X = 0 reduces to the equation: 


cos{'0 — ip) 


2 I 2 I 2 I 

p + y + z + a 


2 


2ap 


( 4 ) 


The independent variables are p, y, z, (p (the coordinates of the test 
particle), and equation (|3]) expresses the implicit dependence of the po¬ 
sition of the retarded source particle on the position of the test particle, 
^ = ip{p,y, z,p). By partial differentiation of equation (|4|) we obtain 
some relations needed later for the calculation of the electric field: 


dtp 

a cos{tp — 

p)- p 

dp 

apsui(tp 

-p) 

dtp 

~y 


dy 

apsinpip 

-pY 

dtp 

—z 


dz 

apsinpip 

-pY 


( 5 ) 

( 6 ) 
( 7 ) 


Laue [3] also mentions that the angle 'll) —pis imaginary and negative. 
This is a good time to calculate some scalar products: 


Vg • X = —icpsm{'ip — p), 

An ■ X = cositp — p) — (?. 
a 

The retarded four-potential at point P (in Gaussian units) is: 

Vq-X' 


( 8 ) 

(9) 


( 10 ) 


Sommerfeld and Pauli, using rational electrostatic units, have a extra 
47r in the denominator. Using (jS]), the four-potential becomes: 

/—e sin('0) e cos(V’) 

$ =- IZZ —^ 0 , 0 ,-—— 

\ p sin('!/) — p)^ ' ’ p sin('!/; — p) 
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A rotation of the x and t axes by an angle ip brings us to a reference 
frame in which the source charge at Q is instantaneously at rest. The 
components of the four-potential become: 





£_^_y 

p sini^ip -If) J 


( 12 ) 


This is the four-potential presented by Minkowski in the second step 
of his procedure given in ’’Space and Time”. We will prove that: 

psin('(/i — f) = —ir. (13) 


X 



Figure 3: In the co-moving reference frame of the source particle at Q 
the test particle at P is described by a radial position vector TP. 


We work in a reference frame in which the field point and the center 
of the hyperbola are simultaneous, as shown in figure [3] The source 
particle at Q has a four-velocity tangent to the hyperbola. We draw this 
tangent line. The projection of point S on this tangent line is point T. 
Because QT T ST and PS T QT we conclude that QT T (PST), and 
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as a result PT _L QT. We identify PT as the segment PiQ of length r 
from Minkowski’s ’’Space and Time”. The intersection of line QT with 
line OS is point U. The segment OQ has leng th a, th e segment OS 
has length p, and the segment PS has length + By definition 
9 = Lp — ij), this is an imaginary and positive angle. Care should be taken 
when comparing our formulas with Sommerfeld’s, because he uses an 
imaginary and negative angle instead. 

We notice that we have two similar right triangles, AOQU ^ ASTU. 
Because QO T QU we have OU = = ^os(e) ■ subtraction 

US = OS — OU = p — cas( 0 ) ■ Because TU T TS we have TS = 
UScos{9) = pcos{9) — a. Using equation dU we are able to write: 

r2 = PT^ = TS'^ + PS^ = [pcos{9) - a]^ + 

= p^ cos^ (9) — 2pa cos{9) + 

= p^ cos^{9) - + + a^) + a 2 + + ^2 

= —p^[l — cos^(0)] = —p^sin^(d). (14) 


Keeping the positive solution, r = —ipsin(0) = ipsin(^/> — ip), q.e.d. 

We now return to equation m- A rotation of the x and t axes by 
an angle p brings us to a reference frame in which the field point P and 
the center of the hyperbola O are simultaneous. The components of the 
four-potential become: 




f — n n cosj^j - p) \ 

V p ’ ’ > sin(V^ - t )) ' 


(15) 


The electric and magnetic fields are identified as elements in the 
electromagnetic field tensor matrix. The trick is to calculate Pik = 
as a rotor (curl) in cylindrical coordinates [J]. The calculation 
is done in the reference frame in which the field point and the center of 
the hyperbola are simultaneous. In this reference system the p axis is 
parallel to the x axis, the p axis is parallel to the u = ict axis, and 




f — n 0 e cos(V^ -t) \ 

V p ’ ’ ’ p sin(V> -p) ) ' 


(16) 


Keep in mind that $j, = $2 = 0 and that depends only on p. The 
magnetic and electric fields are given by the equations: 


Px — Pyz — 


dy 


dz 


= 0 , 


(17) 
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¥! -T -T 

^ dz dp " ’ 

H ^ - ^ ■ -0 

xy — mi — ^ 


^XU ^OW 


dp dy 

1 d{p^^) 1 d^p _ 1 9(p$^) 


p dp 


p dp 

1 


dp 


lEy - Eyu - ^ 


— iE, = F,u = J’zio = 






y _ d^ip 

dy ’ 
d<^^ 


dz p dp dz ' 
With the help of ©-(IT]), equations (Unil-dlll) become [S]: 

Ex = 


—ie d'tp —ie[acos{ip — p)—p] 


psiir{'tl! — p) dp ap^ sm (■!/' — p) 

^ —ie dtp iey 

^ psiv?{'ij) — p) dy ap^ sin^('0 — p) ’ 


E, = 


—le 


dip 


47rp sin^ (■)/' — p) dz Anap'^ sin^{ip — p) 


(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 

(23) 

(24) 

(25) 


Having derived these results Sommerfeld [3] states that ’’These for¬ 
mulas are the most simple expressions of the field produced by any mov¬ 
ing point charge.” However some simplifications can still be made by 
substituting psinpp — p) with —ir. In this way we get: 


ep[p- 

- a cos{ip — p)] 

(26) 


ar'^ 


Ey 

_ epy 

(27) 

ar'^ 


E, 

epz 

ar^ 

(28) 


Using equations @ and (USD we are able to write: 


[p — a cos{ip — p)Y Ey^ + z^ 

= p^ — 2pa cos{ip — p) + cos'^{ip — p) + y'^ + z"^ 

= p^ - (p^ -I- -I- -I- a^) -I- cos'^{ip - p) + y'^ + z^ 

2 2 

= —a^[l — cos^{ip — yj)] = —sin^('(/' — p) = . (29) 

P 
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As a result of (1^ the magnitude of the electric field is: 

\E\ = ^El+El + El = (30) 

This extremely simple result should not come as a surprise, since 
— E^ \s a. fundamental invariant of the electromagnetic field tensor. 
Because H — 0, E^ has to be a Lorentz invariant, and it is, given the fact 
that Vq ■ X = — cr. Sommerfeld does not mention it, but only because 
H = 0 we can say that E = {E^, Ey, Ez,0) is a four-vector. 

The direction of the electric field is given by the vector {p — a cos(i/' — 
(p),y,z). We will prove that this is the vector MP m figure SI 


X 



Figure 4: In the reference frame in which the test particle at P and 
the center of the hyperbola O are simultaneous the electric field has the 
direction of vector MP. 


The projection of point Q onto the x axis is point M. The segment 
OQ has length a, and the segment OS has length p. Because QM T OM 
we have OM = OQcos{9) = acos{6) and QM = OQsin{6) = asin(0). 
By subtraction MS = OS — OM = p — acos(0). q.e.d. 
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For our point particle with electric charge ei and four-velocity U = 
{Ux,Uy,Uz,Uu) the electrodynamic four-force F (in Gaussian units) is: 



^ 0 0 0 —iEx^ 


(Ux\ 


( -iExUu \ 

ei 

0 0 0 —iEy 


Uy 

_ ei 

iEyJJu 

c 

0 0 0 —iEz 


Uz 

c 

-lEzUu 


\iExiEyiEz 0 y 


\Uu) 


\i(ExUx + EyUy + EzUz)) 


(31) 


Sommerfeld introduces a unit four-vector in the temporal direction, 
I = (0,0, 0,i). With the help of this four-vector the expression (IHTl) 
becomes: 

F =- —(U-I)E-h —(U-E)I. (32) 

c c 

Sommerfeld decomposes the direction of the four-vector E as: 

Wf’ = ^ - ^ = X - (33) 


The four-vector of the electric field E = (Ex, Ey,Ez, 0) is: 


e ^ 


e X — QM ep 


MP 


= ^(X-QM). 


ar'^ 


(34) 


In this way the expression (1321) of the four-force becomes: 

F = -^(U-I)(X-^) + ^(U-(X-^))I. (35) 

car'^ car'^ 


Because QM = terms with QM in (1551) cancel, and we 

are left with: 

F = -^(U-I)X+^(U.X)I. (36) 

car'^ car'^ 

The final step is to write (1361) in an explicitly invariant form, using 
only four-vectors and their scalar products. 

In the reference frame in which the test particle and the center of the 
hyperbola are simultaneous the source charge at Q has a four-velocity: 

Vg = ic{— sin(V' — if), 0,0, cos('!/' — ^p)) = ic(sin(0), 0, 0, cos(d)), (37) 

and a four-acceleration: 

2 2 

An = —(cos(^ — ip), 0, 0, sin(^ — (p)) = —(cos(6*), 0, 0, — sm(^)). (38) 
^ a a 
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We can write the four-vector I as a linear combination of the orthog¬ 
onal four-vectors Vq and Ag. To save space we drop the subscript Q. 
The equation will be good in any reference frame, and there is no need 
to keep the " on the four-vectors. 

I = SA) V + AAa = V + (39) 


From equations ^ and we have: 


sin(0) _ 

(40) 

icp 

a -f A • X 

(41) 

cos(6») - 

p 


Substituting (HOI) and (HTl) into (15^ we get: 


j ac2 + (A-X)^, a(V-X)^ 

p p 

(42) 


Substituting (|^ into (|55)) . and using the fact that V ■ X = —cr, 
brings the electrodynamic four-force to the final formula: 

F = c(V^X)3 • V) - (V . X)(U • A)]X 

3 The Equivalence of Minkowski’s and Sommerfeld’s Formu¬ 
lations 

The first step when comparing Minkowski’s and Sommerfeld’s expres¬ 
sions of the electrodynamic four-force is to perform a rotation of Som¬ 
merfeld’s reference frame, in the yOz plane, such that the z coordinate 
of the field point P vanishes. The fact that 0 = 0 in Minkowski’s pre¬ 
sentation is the reason why = 0. Indeed, from (l28l) we get = 0. 

The fact that the four-force (H5)) is orthogonal to the four veloc¬ 
ity U can easily verified by computing the scalar product F • U. This 
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orthogonality is of course a consequence of using an antisymmetric elec¬ 
tromagnetic field tensor in the calculation of the four-force (ISTI) . 

Looking at figure [I] and using Minkowski’s reference frame and no¬ 


tation, we identify the four-vectors of interest as: 

X=(r,0,0,^r), (44) 

V = (0,0,0,ic), (45) 

A = (:r,y,0,0), (46) 

U = (ii, 2/1, ii, mil), (47) 

where the dots represent differentiation with respect to the proper time. 
With these four-vectors we calculate the scalar products of interest as: 

X • V = -rc, (48) 

X-A = rx, (49) 

X • U = rii — rcii, (50) 

V-V = -cHi, (51) 

U • A = xxi -I- 2/2/1. (52) 


Substitution of the four-vectors (H^ - (H51) and of the scalar products 
(I15])-(in2]) into (03]) gives: 


F = 


eei 


c(—rc)" 


[(c -I-ra;)(-c ti) +rc{xxi -f 2 / 2 )i)](?', 0, 0, fr) 


eei 


c(—rc) 


g (c^ -I- rx){rxi — rcii)(0, 0,0, ic) 


eei 


:(—rc)' 


r(ri:i - rcii)(i,2/,0, 0). (53) 


In Minkowski’s reference frame X and V have a zero y component. 
The third row of (l53)l gives the y component of the four-force: 

Fy = ^{xi - cii)y, (54) 

rc'^ 

which matches Minkowski’s expression from © and m perfectly. 
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Due to the fact that in Minkowski’s reference frame the x and u 
components of X are related by a factor of i, when calculating ^ 
the contributions from the first row of (1531) cancel out. What is left is: 

— - + rx){xi - cii) - ^{xi - cii)x, (55) 

i rc^ 

which, after some simplihcations, again matches Minkowski’s expression 
from m and ([2]) perfectly. We notice that Minkowski’s claim of ’’full 
simplicity” for his description is a little bit exaggerated. Written in full, 
the Fx and F^ components are not as simple as Minkowski wants us to 
believe. 


4 A Review of Pauli’s Work 

Pauli [5] gives an algebraic derivation of the electrodynamic four-force. 
Let XQi{T) describe the worldline of the source charge Q as a function 
of its proper time r. The condition for a light signal: 


Xa^ = {Xp,-XQ,){Xp,-XQ,)=0, (56) 


determines r as a unique function of the four Xpi coordinates. By partial 
derivation of (l56ll with respect to Xpk we get: 


/ dXpi 


OXq, dr \ ^ 
dr dXpk) 


(57) 


Since qxpI ~ ~ equation (1571) gives: 

dr _ Xk 
dXpk ~ (XrVr) ’ 

and, as a consequence: 

dXi _ dXpi dXgi dr _ Xk 

dXpk ~ dXpk dr dXpk ~ * (XrVr) ’ 

dVi _ dVi dr _ ^ Xk 
dXpk ~ dr dXpk ~ * (X^K)' 

The retarded four-potential (in Gaussian units) is: 


(VrXr) ■ 


(58) 


(59) 

(60) 


( 61 ) 
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The electromagnetic field tensor at point P is calculated as: 


dXp, 


dXpk 


(62) 


Straightforward application of the rules of calculus, with the help of 
equations (l5^ - (l60l) and 14K = — c^, gives [5]: 


= -7Tr^(c" + {XrAr)){V^Xk - VkX,) 

The electrodynamic four-force is calculated as [S]: 

F^ = -F,kUk 
c 

= - + {X,Ar)){V,{XkUk) - {VkUk)Xi) 

c[XrVr) 

+ - {AkUk)X,), (64) 

c{XrVry 

an expression that is identical to the four-force (H51) . 

It is no wonder that the physicists of last century have largely ignored 
the geometrical recipe of Minkowski and the geometrical derivation of 
Sommerfeld. The algebraic derivation of Pauli is much shorter and a lot 
easier to understand. It seems likely that Sommerfeld himself has some 
trouble with the use of Minkowski diagrams, drawing a two dimensional 
diagram instead of a three dimensional one. This is like making the 
implicit assumption that the test charge is in the same plane as the 
hyperbola. Sommerfeld also works with {iEj.,iEy, iEz,0) and (0,0, 0,1) 
instead of {E^,Ey,E^,Q) and (0, 0,0, i), not realizing that by definition 
a four-vector has three real and one imaginary components. And at one 
point he writes that the angle between the orthogonal four-velocity and 
four-acceleration vectors is We hope that our detailed geometrical 
derivations here and in [7] will make the use of 3D Minkowski diagrams 
less confusing, and that the original groundbreaking work of Minkowski 
and Sommerfeld will not be forgotten. 


5 The Geometrical Argument in Favor of Time Symmetric 
Electrodynamics 

We are now ready for a moment of reflection. How is it possible that the 
only effect that the acceleration of the source particle has on the electric 
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field produced is a change in direction, while the magnitude stays the 
same? What is the process by which the electric field ends up with the 
direction of segment MPl Point P is of course selected as the point 
where the electric field acts, but what is the mechanism by which point 
M is selected? 

A careful look at figure H] shows that point M is the midpoint of 
segment QN, where Q is the position of the retarded source charge and 
N is the position of the advanced source charge. We argue that point 
M defines the direction of the electric field because the electrodynamic 
interaction is time symmetric. Instead of decomposing the segment MP 
as in dSSl) we can write: 



This geometrical description of the electric field is so amazingly sim¬ 
ple and beautiful, it brings to life Minkowski’s vision: ” [...] physical laws 
might find their most perfect expression as reciprocal relations between 
these worldlines.” [I] 

The same time symmetric geometrical description applies to the case 
of a source charge in uniform motion [5] . When the source charge moves 
with constant velocity, or with constant acceleration, our geometrical 
description is identical to the generally accepted causal theory. Since 
most of classical electrodynamics is concerned with such motion of the 
particles, one could hardly find any experimental evidence against (1651) . 
Even if the electric charges had a variable acceleration, that would not be 
reflected in the electromagnetic field produced. The variable acceleration 
shows up only in the expression of the radiative damping force, and 
that is still a controversial topic [9]. In classical electrodynamics the 
instantaneous radiation reaction force is outside of direct experimental 
investigation. 

Other authors have embraced a time symmetric formulation of elec¬ 
trodynamics. The absorber theory of radiation of Wheeler and Feynman 
[lOllllj . consistent with variational principles and conservation laws, has 
eliminated the divergence brought by self-interacting electrons, and has 
provided a derivation of the radiative damping force. The advanced 
converging waves predicted are practically impossible to be detected in 
a macroscopic experiment m- Time symmetric interactions have been 
invoked by Costa de Beauregard [nm] to explain retrocausality (the 
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EPR paradox) in quantum mechanics, and by Woodward [TS] to ex¬ 
plain the gravitational origin (Mach principle) of inertial reaction forces. 
Synge [16] has shown that if the retarded and advanced potentials have 
equal weights, and if the magnitudes of the acceleration of the source 
charge at the retarded and advanced positions are the same, then the 
electric charge does not radiate energy. While Synge discusses the case 
of a particle in uniform circular motion, the same conclusion applies to 
a particle in hyperbolic motion. This is a very significant result, be¬ 
cause whether an electric charge in hyperbolic motion does or does not 
radiate energy is the subject of a long scientific controversy [T7]. Pauli 
[5] predicts no radiation, based on the nul magnetic field (Poynting vec¬ 
tor). Feynman [TH] also predicts no radiation, based on the principle of 
equivalence of general relativity. 

6 The Geometrical Argument Against the Material Point 
Particle Model 

The time symmetric formulation of electrodynamics has an additional 
benefit: it can provide a geometrical explanation of a very puzzling fact. 
Suppose that we have a test charge q in an electric field E, with no 
magnetic field present. The force acting on the test charge is F = qE. 
If the velocity v of the particle is zero, then its four-velocity is (0, ic) 
and the four-force is (F, 0). But if the velocity v is not zero, then its 
four-velocity is (j(v)v, ij(v)c) and the four-force is ■ v). 

Why is the four-force dependent on the velocity of the test charge? If a 
particle is just a fixed point in Minkowski space, then it has no velocity! 

A B 

-♦-^ 


C D E F CD E F 

Figure 5: A simple case where the source particle is at rest, at the 
origin, and the test particle has only a radial velocity, if any. The test 
particle, segment AF, interacts with a retarded segment CD and with 
an advanced segment EE. 



To solve this puzzle we have assumed that particles are not points in 
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Minkowski space, but infinitesimal length elements along their worldlines 
[8] . The electrodynamic interaction takes place between small worldline 
segments that have their start and end points connected by light signals, 
as shown in figure El LaMont [1^ has experienced a similar insight, 
for he talks about the ’’infinitesimal thickness” of the lightcone of the 
source charge and ”how much proper time the [test] charge spends in 
this region”. 

Consider two points, Xi (on the source particle worldline) and X 2 
(on the test particle worldline) connected by a light signal. Consider 
two other points infinitely close to the first two points, Xi + dXi (on the 
source particle worldline) and X 2 + < 5 X 2 (on the test particle worldline), 
also connected by a light signal. Since (Xi — X 2 ) • (Xi — X 2 ) = 0, 
(Xi + dXi - X 2 - 6 X 2 ) ■ (Xi + dXi - X 2 - 6 X 2 ) = 0, dXi = VidTi, 
S'X -2 = V2i5t 2, to first order in the infinitesimals the ratio of the two 
infinitesimal segments connected by light signals at both ends is m- 

zcdn _ (Xi-X2)-V2 

icST 2 (Xi-X2)-Vi' ^ ’ 


When the velocity v of the test particle is zero: 

icS4°^ ^ (Xi -X 2 ) • (0,m) 

“ (Xi-X2)-Vi ’ 

otherwise: 

icSn (Xi - X 2 ) • {jiv)v, i^{v)c) 
icSt2 ~ (Xi - X 2 ) • Vi 

Dividing (l6^ by (|67ll we obtain: 

icSti _ (Xi - X 2 ) ■ {'j{v)v,ij{v)c) 
(Xi — X2) • (0,10) 


(67) 


( 68 ) 


(69) 


The Coulombian interaction between point charges Q and q is now 
replaced with the Coulombian interaction between segments of length 
icSri and ic 5 T 2 on worldlines with constant linear charge densities. As 
a result the electric force ^ acting on the test charge is replaced with 
a four-force ^ depends on the velocity of the test particle. 

When the source charge is moving with uniform velocity we work in a 
reference frame in which the source particle is at rest. When the source 
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charge is moving with uniform acceleration we work in a reference frame 
in which the test point and the center of the hyperbola are synchronous. 
In this reference frame F = In the case of uniform velocity R = r, 

and in the case of uniform acceleration R = MP. We have: 


X 2 — Xi = {R,iR), (retarded) (70) 

X 2 — Xi = {R, —iR). (advanced) (71) 

Substituting expressions diol) and (EU into equation (l69ll gives: 


icdri 


j{v) 1 



icdri 


'l{v) 1 



(retarded) 


(advanced) 


(72) 

(73) 


In a time symmetric formulation the contribution of the retarded 
four-force is ^I — and the contribution of the advanced 

four-force is Adding these two contributions to¬ 
gether one obtains the spatial part of the electrodynamic four- 

force in the direction of R. 

The model is almost as successful when calculating the imaginary 
part of the four-force. In this case the contribution of the retarded four- 
force isji^ 7 (r))^I — , and the contribution of the advanced four- 

force is ^1 -I- . Adding these two contributions together 

one obtains The sign is incorrect, and we 

have to simply change it by an ad hoc rule. We hope that future research 
will elucidate this circumstance. 

One could also argue that, in the case of motion with variable accel¬ 
eration, the four-force obtained from our model is not orthogonal to the 
four-velocity. A small deviation from orthogonality could indeed exist, 
and our geometrical recipe in this case amounts to supplementing the 
antisymmetric electromagnetic field tensor with a small (possibly 
symmetric) tensor Qi^.. We expect the contribution of Qik to average out 
to zero. In any case, by requiring that the rest mass of an electron does 
not depend on its history, and by using Stoke’s theorem, one obtains 
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the two homogeneous Maxwell equations [50] . Other relations could also 
be imposed upon J-ik and Qik ■ Roscoe [21] , using the orthogonality be¬ 
tween certain linear operator spaces, reaches the same conclusion, that 
the Lorentz four-force needs more than the antisymmetric electromag¬ 
netic field tensor, and identifies the additional Qik tensor with a massive 
photon. The condition that Roscoe imposes, the restoration of the non- 
relativistic action and reaction principle, is probably at odds with the 
non interaction theorem. More research is needed to determine the exact 
physical properties of the Qik tensor. 

We will conclude this article with another interesting observation. 
Was Minkowski himself on the verge of discovering the possibility of re¬ 
placing the interacting material point particles with infinitesimal length 
elements along their worldlines? This is indeed very likely, given the 
words ’’Let BC be an infinitely small element of the worldline of F; fur¬ 
ther let B* be the light point of B, C* be the light point of C on the 
worldline of F* [...]” that he uses when describing his first theory of 
gravitational interaction [22] . 
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Note added on 24 February 2017 

The theory of time symmetric electrodynamic interactions presented in 
the first draft in 2015 (and also in 2000) has suffered an important 
change. Two problems have plagued the old theory. One was the in¬ 
correct sign of the imaginary component of the four-force, already dis¬ 
cussed in the first draft (and in 2000). The second problem relates to 
the calculation of the magnitude of the four-force produced by an elec¬ 
tric charge in hyperbolic motion. Let’s look at the retarded component 
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along Q^. Since Ql^ = QA^ + M^, we expect an electric field of mag¬ 
nitude Emp = along M^. The same retarded contribution can 
be evaluated in the reference frame that is co-moving with the source 
charge at Q. Since + Ti^, we should be able to calculate 

the electric field Etp along TP and relate it to the electric field Emp 
along MP. Let V be the projection of point T on the Ox axis. Since 
Ti^ = TV + VM + M^, and since QM, QT, TV, and VM are re¬ 
stricted to the {x, O, ict) plane, it follows that Emp = Etp * Since 
TP = —zpsin(d) and MP = —iasui{9), it follows that Emp = Etp * 
We therefore expect an electric field of magnitude Etp = along 

T^. However, in the reference frame in which the test particle at P and 
the center of the hyperbola are simultaneous, a test particle at rest of 
length So will interact with a segment So on the retarded branch of the 
hyperbola, whose length can be calculated as So = So^- The fraction is 
exactly the reciprocal of what is expected! 

At this point in time it seems that our initial method of keeping 
the length of the test particle constant, while allowing for a change in 
the length of the source particle, has to be abandoned. The interacting 
particles will still have infinitesimal length segments whose end points 
are connected by light signals, but this time the length of the source 
particle will be held constant, while the length of the test particle will 
be allowed to vary. A similar approach was suggested by Kevin Brown in 
Physics in Space and Time. What is calculated in this way is no longer a 
force, but a force density (in better agreement with the theory described 
in 2000), and we will add the retarded and advanced contributions as 
initially described. This new approach solves both problems outlined 
above. A more detailed description of the updated theory will be given 
at a later date. 



